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Abstract
This work investigates the response of a class of nonlinear elastic systems with 
piecewise linear characteristics, arising in mechanical and civil engineering 
applications. The study focuses on civil engineering applications related to the 
response of bridges equipped with elastomeric bearings for isolation of the structure, 
as well as seismic stoppers in order to resist strong earthquake base motions. In the 
present study these systems are represented by single degree of freedom structural 
models with piecewise linear elastic stiffness elements. In order to gain useful insight 
into the behavior of these systems, the behavior of single degree of freedom piecewise 
linear elastic mechanical models is first investigated under short duration sine pulse 
excitation. Then, the response of such system under long duration transient earthquake 
excitations is discussed. The analysis is concentrated on deterministic response 
spectra characteristics and the estimation of the sensitivity of these spectra to system 
and loading parameters such as stiffness ratio, gap sizes between deck structure and 
stoppers, excitation strength and frequency content. It is shown that the performance 
of such systems to transient excitation can be enhanced by optimally designing the 
system parameter values.
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CHAPTER 1 Introduction
1.1 Motivation
The present study was motivated by the existence of mechanical or civil 
structures that involve gaps, with small enough lengths, that during a strong enough 
excitation can be closed. This can result in contact or pounding of structural members 
of such system. Such gaps can be located either between two parts of the structure or 
between a part of the structure and its surrounding environment. Nonlinear systems 
with contacts due to gaps between members of a structure arise in many mechanical 
and civil engineering applications. In mechanical engineering applications, the 
behavior of the systems with contacts are often analyzed using single or multi degree 
of freedom mechanical models with piecewise linear elastic stiffness elements 
(Natsiavas and Gonzalez, 1992, Natsiavas, 1989). The interest concentrates on the 
response and stability of piecewise linear elastic systems to periodic excitation and it 
has been shown that these systems manifest complex nonlinear behavior. In civil 
engineering applications, such systems arise in the analysis of bridges with seismic 
stoppers (Psycharis and Mageirou, 2004, Maleki, 2004 and 2005) or the analysis of 
pounding of adjacent buildings. These systems are represented by single and multi
Institutional Repository - Library & Information Centre - University of Thessaly
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degree of freedom models with piecewise linear elastic stiffness elements that often 
involve strong inelastic behavior in parts of the system.
The presence of gaps and the contact that may occur during structural vibration 
has a significant effect on the stresses developed on the structural members and may 
lead to failure of the structure. For instance contact between structural parts of bridges 
or between the deck and the abutment during strong earthquakes has been defined as 
cause of structural failure.
One bridge constructed this way is a four span bridge located on Egnatia Odos, 
outside the city of Kavala in northern Greece. A schematic diagram of this bridge is 
shown in Figure 1.1 where it is seen that the four pieces of the deck are connected to 
the three piers through elastomeric bearings. Also the stoppers are schematically 
shown on the top of the piers. Additionally in Figure 1.2 are shown two photographs 
of Kavala bridge, with the stopper mechanism shown in Figure 1.3 and the gap 
between the deck structure and the stopper shown in Figure 1.4.
- d (gap) Deck Stopper
Bearing
\ΛΛ\Τ
\
_ J__ L. . J__ L
trov
Figure 1.1: Schematic diagram of Kavala bridge.
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(a)
(b)
Figure 1.2: Kavala bridge.
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Figure 1.3: Stopper mechanism.
Figure 1.4: Gap between deck and stopper.
4
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Chapter 1 Introduction
The behavior of systems with gaps can be described by nonlinear oscillators 
subject to harmonic, earthquake or stochastic excitation. Specifically the nonlinearity 
stems from the piecewise linear form of the stiffness of the system, arising from the 
closing and opening of the gaps during the vibration of the structure. The objective of 
this study is to investigate the response characteristics of simplified models of bridge 
structures under short pulse as well as longer earthquake-like excitations.
1.2 Literature Review
Research has been carried out in the past on the effects of contact between parts 
of a structure. Steady state periodic response and stability of single and multi degree 
of freedom oscillators with piecewise linear restoring force has been investigated 
extensively by Natsiavas (1993, 1989) and Natsiavas et. al. (2000). For bridge 
structures Ruangrassammee and Kawashima (2001) have proposed the relative 
displacement response spectra with pounding effect under strong ground excitation, 
proving that the displacement can be amplified when pounding occurs between two 
segments at a joint. Furthermore, Des Roches and Muthukumar (2002) have 
investigated the effect of pounding and restrainers on seismic response of multiple- 
frame bridges. After conducting parameter studies of one-sided and two-sided 
pounding they determined that most important parameters are the frame period ratio 
and the characteristic period of the ground motion. Similar research, but regarding 
base isolated buildings has been conducted by Agrawal et. al. (2007). Specifically this 
research is focused on the upper story collisions of two buildings in close proximity 
subjected to strong earthquake base motion. Parameter studies showed again that 
attention should be paid when contact or impact may occur during the excitation of a 
structure.
5
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Makris and Black. (2004a, b) and Dimitrakopoulos et.al. (2008a, b) have 
conducted research on dimensional analysis of piecewise linear oscillators, 
representing models of bridge structures, under pulse or earthquake base excitation. 
Using dimensional analysis techniques, remarkable order is shown to govern the 
response of the oscillator, regardless the pulse acceleration level or duration and all 
response spectra become self-similar, following a single curve.
Won et. al. (2008) have investigated the dynamic response of a multi-span 
simply supported bridge retrofitted with cable restrainers between longitudinally 
adjacent girders under seismic excitations, showing that the restrainers length and 
clearance can be optimally designed with respect to the excitation amplitude. Maleki 
(2004, 2005) has also investigated the seismic response of skewed or straight bridges 
with gaps between the deck and side retainers. After conducting nonlinear dynamic 
and parametric analysis on a simple nonlinear spring-mass model, it is shown that 
ignoring the gap can cause erroneous, non conservative results, as the actual forces 
applied to the retainer can be several times larger than the forces obtained by ignoring 
the gap. Finally Gao et. al. (2008) have conducted research on contact and impact of 
geared rotor systems. Using a finite element formulation, the equations of motion 
have been derived and solved iteratively and the contact-impact behaviour has been 
analysed under high rotational speed.
Finally, Abdel Raheem (2009) has studied the effects of pounding on 
seismically isolated bridges during strong earthquakes. Using finite element models 
for nonlinear seismic pounding analysis the influence of different parameters of the 
bridge, such as gap lengths and frequency ratio, has been analysed. This analysis 
showed that the effectiveness of seismic isolation in bridges can be affected by
6
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pounding effects. Furthermore it is shown that seismic pounding can amplify the the 
global response of the structural systems.
1.3 Overview of this Thesis
After the short introduction in Chapter 1, a description of single degree of 
freedom systems with piecewise linear restoring force due to contact effects is 
presented in Chapter 2. Dimensional and non - dimensional equations of motion are 
presented along with the analytical expressions relating all the response quantities of 
interest (e.g. displacements, forces of structural parts) in terms of the system 
parameters. Next, in Chapter 3, the response of the nonlinear elastic systems under a 
sinusoid pulse base acceleration is considered. This type of base excitation is chosen 
to adequately represent short duration near field ground motions. The behavior of the 
single degree of freedom piecewise linear systems is investigated with respect to 
important parameters of the structure, such as natural frequency or characteristic gap 
lengths, and effort is made to explain this behavior for specific values of the 
parameters. Furthermore, asymptotic analysis for very high values of the natural 
frequency with respect to the excitation frequency is presented in order to investigate 
the asymptotic behavior of the system. It is shown that one can easily estimate the 
response of the system for these values of the natural frequency.
The same methodology is applied in Chapter 4, to investigate the response of 
piecewise linear single degree of freedom systems under recorded, long duration, 
earthquake excitations. It is seen that the behavior of the system is much more 
complicated, due to the extra frequencies contained in the excitation that contribute to
7
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the response. However, certain similarities of the non-dimensional response to various 
long and short duration earthquake excitations are revealed.
Finally, concluding remarks and suggestions for future work are presented in 
Chapter 5.
8
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CHAPTER 2 Piecewise Linear SDOF Model
2.1 Introduction
The present study focuses on the analysis of bridges that involve contact 
between structural elements due to the seismic stoppers designed to effectively 
withstand earthquake loads and reduce the size of the piers. A schematic diagram of a 
simplified bridge with seismic stoppers and elastomeric bearings is shown in Figure 
2.1. The bridge deck is connected to the piers by elastomeric bearings and seismic 
stoppers are added on the pier caps that have a relatively small gap with the 
superstructure of the bridge, so that the elastomeric bearings are free to move under 
ambient or traffic loads, while the deck structure contacts on the stoppers only under 
moderate or strong earthquake loads. In the case of a moderate or strong earthquake 
base excitation, the columns of the bridge have to carry the dynamic load of the deck. 
In order to efficiently achieve this, stopper mechanisms are placed on the top of the 
piers, leaving a relatively small gap between the stoppers and the superstructure. Thus 
in the case of a moderate or strong base motion, and consequently large displacement 
of the deck, the small gap between the bridge and the stopper attached on the top of
9
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Chapter 2 SDOF System Description
the columns closes and the deck contacts the stopper mechanism, carrying the 
excessive load directly to the columns. This combination of elastomeric bearings and 
stopper mechanism, results to the protection of the columns under the daily fatigue of 
the ambient vibrations, as well as the protection of the elastomeric bearing and the 
superstructure under moderate and strong earthquake base motions.
Activation of the stoppers due to contact, under an earthquake load, results in 
sudden increase of the stiffness of the structure. The gap length between the pier caps 
and the superstructure at the stopper mechanism, are usually selected such that the 
contact with the stoppers occurs before the pier yielding.
H h d (gap) Stopper
nLm________ x______________________________________ In
Deck
Bearing (Kb) 
Column (Kc)
\\\\\ \ \\\W\
Figure 2.1: Schematic diagram of single span bridge.
Consider the single degree of freedom (SDOF) model, shown in Figure 2.2. The 
model simulates approximately the behavior of the bridge structure shown in Figure 
2.1, assuming a heavy undeformed deck of mass M, and representing the stiffness of 
the piers and the elastomeric bearing by massless springs. The springs with stiffness 
Kh represent the stiffness of the bearings, whereas the springs with stiffness Kc
represent the stiffness of the columns. Finally the mass M is equal to the total mass 
of the deck and d is equal to the gap length of the stopper mechanism. For the case of
10
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stopper activation but no pier yielding, the springs are linear and the simplified system 
in Figure 2.2 behaves as a SDOF piecewise linear system.
Kc Kc
Figure 2.2: Simplified SDOF system with bilinear stiffness.
Figure 2.3: Force-displacement relationship.
11
/////
Institutional Repository - Library & Information Centre - University of Thessaly
08/12/2017 09:30:39 EET - 137.108.70.7
Chapter 2 SDOF System Description
In order to gain useful insight into the behavior of these systems, the equations 
of motion describing the response analytical expressions of the SDOF piecewise 
linear systems, are derived and are developed, that relate the response quantities of 
interest in terms of the system parameters. A non-dimensional analysis is also 
presented, which helps reducing the number of parameters that control the system 
response and reveling certain similarities of the response spectra characteristics to 
various long and short duration earthquake excitations.
2.2 Equations of Motion of Elastic System with Gap Elements
Consider the SDOF model shown in Figure 2.2. The mass of the deck is 
considered to be M, the bending stiffness of the left and right columns is Kc, and the
bending stiffness of the left and right elastomeric bearings is Kh. Let
κ = -
Kh
(2.1)
be the column to bearing stiffness ratio. An excitation z(t) is applied at the base of 
the structure, assumed to be the same at both left and right supports. The equation of 
motion for the model is given by
Mx + Cx + /(x) = -Mz (2.2)
where the viscous damping term Cx accounts for the overall damping on the system 
and /(x) is the restoring force, which is piecewise linear due to gap d. In the case of 
elastic columns this restoring force is shown in Figure 2.3 and is given by
/(*) =
Krx -x0 < X < x0
K{-x0 + K2(x-x0) x>x0
-Kt-x0 +/f2(x + x0) x<-x0
(2.3)
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where x0 is the mass displacement at which contact occurs, given by
d(\ + K)
Λο K
(2.4)
Also, the equivalent stiffness before contact can be obtained by observing that the two 
left or right springs b and c are connected in series, while the left and right pairs of 
springs b and c are connected in parallel. This configuration leads to an equivalent 
spring constant
2 KeKb 2K„K, =- (2.5)
Kc+Kh (1 + 0
which is the stiffness of the system when the gap is open, that is the absolute 
displacement of the deck is smaller than x0 or consequently the relative displacement
of the deck with respect to the displacement of the pier cap is smaller than the gap 
length d. Similarly
2 c \ + k 1 2
(2.6)
is the local stiffness of the system after contact, that is the absolute displacement of 
the deck is greater than x0 or consequently the relative displacement of the deck with 
respect to the displacement of the pier cap is equal to the gap length d. The 
derivation of the equations (2.4), (2.5) and (2.6) for x0, and K2 are given in 
Appendix A.
The local modal frequency of the system when the left and right gaps are open is 
defined as
i _ 2 K,
Μ V Μ · (1 + xr)
(2.7)
.. K„where the later form is obtained using (2.5). Equivalently, the ratio — is given by
M
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2
I
1 + k 
2
(2.8)
Similarly, replacing AT, by K2 in (2.7), the local “modal frequency” when the right or 
left gap is closed is defined as
ω2 [K=
Vm \ M-(l + /c)
(2.9)
where the last equality is obtained using (2.6).
Note that by combining the equations (2.7) and (2.9) one can extract the 
relationship between these two “equivalent eigenfrequencies” of the system
2 + k2 2 ω2 - ωχ (2.10)
in terms of the column to bearing stiffness ratio κ.
The column and bearing spring elongation and forces are next summarized. 
Derivation details are given in Appendix A. The elongation and forces depend on 
whether or not the left or right gap is closed or open. Specifically the left column 
spring elongation is given with respect to the mass displacement x by
left<CJ =< 1 + k
JC + -
K
\ + k'
X > -xn
-xn X < -X,
(2.11)
whereas the right column spring elongation is given equivalently by
x:lghl=i
l+AT 
K
l 1+ AT
x<xn
(2.12)
Similarly, the left bearing spring elongation is given by
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Jefi Kx'f IV 1 =*
d x<-x0
K
X > -x(------ X
1 + k
d x<-x,
whereas the right bearing spring elongation is given equivalently by
(ngh, = j KX7h' X^X0
d x > x,
κ
1 + k
o
- X x < xn
X > X,0
Using (2.11) the left column force is given by
F!* = Kx'f =-
K
1 +AT
K
X > —xn
K,.\X—----- X0\ x<-x0
1 + ΛΓ
whereas using (2.12) the right column force is given by
K,
prigh! _ p xrighl _ 1+ K
K, x —
K
1 +k
X < xn
X > JC„
Using (2.13) the left bearing force is given by
F^=Khx'f=\
Kh
\ + K
Khd
-x x> —xn
X < —xn
whereas using (2.14) the right bearing force is given by
Fhrighl = KXgh' =
κ
-x x<xn
\ + K
Khd x > x0
(2.13)
(2.14)
(2.15)
(2.16)
(2.17)
(2.18)
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The independent parameters that define the response of the system are the 
stiffnesses Kc of the column spring c, Kh of the bearing spring b, or equivalently the
one out of the two stiffnesses and the bearing to column stiffness ratio κ, the mass 
M of the system, the damping coefficient C, the gap d and the base excitation z .
2.3 Non - Dimensional Analysis
Let ω and ag be a characteristic frequency and amplitude of the excitation, 
respectively, and introduce
ω
(2.19)
as a characteristic displacement of the excitation. The following non-dimensional 
parameters are introduced to simplify the analysis and reduce the number of 
independent variables. The non-dimensional initial natural frequency ηχ of the system 
introduced by
Vx = — ω
(2.20)
the non-dimensional time given by
τ - ωί (2.21)
the non dimensional displacement y(r) of the system mass normalized by the 
characteristic displacement xN of the excitation and the non-dimensional time r, 
given by
y(r) =
*(/) χ(τ/ω) (2.22)
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the normalized mass displacement y0 at which contact occurs, given by
*o δ{\ + κ)
y0 K
(2.23)
where the second part of the equation (2.23) is obtained using (2.4) and introducing 
the non dimensional gap length δ, normalized by the characteristic length xN of the 
excitation as follows
S = — (2.24)
The excitation z(t) is normalized by its characteristic amplitude ag giving
ρ·(Γ) = £ίΐΜ (2.25)
",
Using these dimensionless parameters, the equation of motion becomes in its non- 
dimensional form:
/ + 2ζη,γ' + η^(γ) = -ρ(τ) (2.26)
where F(y) in (2.26) is the non-dimensional restoring force derived by (2.3) and 
(2.22) in the form
F(y) =
M ■xN ■ ω -f(y) =
y 0
VI>>
VI1
2 + k
y“+ 2 ' (T-To) T > To
2 + k .
"Λ+ 2 ■(T + To) T<-To
(2.27)
Using (2.11), the non-dimensional deflection (elongation) of the left column spring is 
given by
y-~y« rj-y y^-y0
y7- = — = < N =J l + K (2.28)
- + -
K xn
xN 1 + κ xN y<-y0
K
y+-—To y<-y0l + /c
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while using (2.12), the non-dimensional deflection (elongation) of the right column 
spring is given by
right _ *c
right
yc =-
1
1 + κ xAJ
X K jc0
xN l + /r^
y^y0
y>y0 y-
1 + k
K
l + κ
y y~yo 
y0 y>y0
(2.29)
Similarly, using (2.13) the non dimensional deflection (elongation) of the left bearing 
spring is given by
yh
left _ Xb
left K
1 + k 
δ
y t^-t0
T<~T0
(2.30)
whereas using (2.14) the non dimensional deflection (elongation) of the right bearing 
spring is given by
T^To 
T>T0
The non-dimensional column force is defined by
/=_5_
c χΝΜω2
yh
right
rr'ghl K
1 + ΛΓ
δ
y (2.31)
(2.32)
Using (2.15) and (2.8) the non-dimensional left column force simplifies to
fleft =
f'eft
xnMco~ χΝΜω2
left
= 2"
xN ω
y
I fti|(l + y) = kf 2 (l + r)
sc! 1 /->2
y — -To
(2.33)
\(\ + K)y + Ky0 y<~y0
while using (2.16) and (2.8) the non-dimensional right column force simplifies to
j-right _
p right
1 c______
χΝΜω2
K xc c
.right Sight
xnMco
y1=—η <
2 l(l + Ar)y-A:y0 y>y0
ω2(\ + κ) = igh 2 (1 + λγ) 
2 y° η' 2
T - To
(2.34)
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while using (2.13) and (2.8) the non-dimensional left bearing force is given by
J b — , ,
(1 + Ό
K
Kh K
xΝΜω2 Μω2 *h κΜω2
1
1
ΛΙS\
y'f =t*7,2 (1 + *:) _
2 δ y< y0
ybJ
0 + y
2 ω2κ -y„J
(2.35)
κ
while using (2.14) and (2.8) the non-dimensional left bearing force is given by
right
fright _ rh
Jb ~
κ,χ;*'
χ.,Μω2 χ,,Μο)2 Mor yb
-V—2κ 2
Kh Ί fight   K right   i fight  
κΜω2 b 1ω2κ
y^y*
δ y>y0
y
(\ + K)
(2.36)
κ
The independent parameters that completely define the non-dimensional 
response of the system are natural frequency η], the normalized gap length δ, the 
bearing to column stiffness ratio κ, the damping coefficient ζ and the base 
normalized excitation p .
2.4 Typical Responses for Harmonic Excitations
At the following figures characteristic time histories of the system’s response, 
under sinusoid base excitation, are presented in order to illustrate the response 
characteristics of the piecewise linear system. The values of the non dimensional 
parameters of the system are chosen as follows: the normalized natural frequency is 
chosen to be ηχ = 2, the column to baring ratio is κ — 10, the normalized gap length is 
δ = 0.3 and therefore using (2.23) the mass displacement at which contact occurs is 
y0 =0.33, and finally the damping coefficient is chosen to be ζ = 5%. Specifically,
in Figure 2.4 is presented the normalized displacement of the mass, whereas in Figure
2.5 is presented the displacement of the column and bearing springs. In Figure 2.6 are
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presented the column and bearing forces and finally in Figure 2.7 is shown the force 
displacement curve for the system.
0.8 
0.6 
0.4 
0.2
>, 0 
-0.2 
-0.4 
-0.6 
-0.8
0 10 20 30 40 50 60
Figure 2.4: Mass displacement.
Figure 2.5: Column and bearing displacements.
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Figure 2.6: Column and bearing forces.
Figure 2.7: Force - displacement curve for the system.
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In the time history of the mass displacement shown in Figure 2.4 one can 
observe that the system’s response under sinusoid excitation appears to be harmonic, 
but it is divided in two parts. The first part consists of the time instants that the 
absolute response is smaller than y0, no contact occurs at the stopper mechanisms and 
therefore the system responds linearly vibrating with frequency equal to ωχ. The 
second part consists of the time instants that the absolute response is greater than y0, 
contact occurs at the left or right stopper mechanism and therefore the system 
responds non-linearly vibrating with frequency equal to ω2 which is higher than <y,.
This observation is clearer in the Figure 2.5, where it is seen that the 
displacement of the left or right bearing remains constant when contact occurs at the 
corresponding side of the system. The same applies for the forces shown in Figure 
2.6, where it is also seen that when contact occurs the forces at the left or right column 
spring increase dramatically due to the fact that forces are directly applied to the 
columns through the stopper mechanism when the gap is closed. Finally the bilinear 
nature of the system stiffness can be clearly seen in the force - displacement curve 
shown in Figure 2.7.
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CHAPTER 3 Response to Sinusoid Pulse Excitation
3.1 Sinusoid Pulse Excitation
In order to get insight in the dynamic behavior of piecewise linear systems, its 
response to simplified transient excitations is investigated. For this, a very simple 
sinusoid acceleration pulse shown in Figure 3.1 is used to excite the system. That is,
only a period T of a sinus is considered, of a specific frequency co = —, while for
the rest of the time interval considered the acceleration is equal to zero, that is the 
system performs free vibration. It can be assumed that this kind of base excitation can 
represent near field earthquake excitations. In fact it is a simpler form than that 
described by Mavroeidis and Papageorgiou 2003 and Mavroeidis et al. 2004 for actual 
near field earthquake excitation pulses. The mathematical representation of such 
sinusoid pulses takes the form
ag sin cot
m= ω (3.1)
ί>Ί
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where a is the amplitude (intensity) and ω is its frequency of the acceleration pulse.
Using the normalization r = t ■ ω and ρ\τ) = — —- introduced in (2.21) and (2.25),
a„
the normalized pulse load p*(r) is given by
P*(r) =
[^sinr, r<l 
0, τ > 1
(3.2)
This normalized pulse load is shown in Figure 3.2 and corresponds to the excitation 
pulse shown in Figure 3.1 with T = 2π and ag = 1.
Figure 3.1: Sinusoid pulse excitation.
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Figure 3.2: Normalized sinusoid pulse excitation.
3.2 Typical Response Time Histories
In the next figures typical time histories of the system response are presented for 
77, =1 and £ = 0.3. Specifically in Figure 3.3 is shown a typical response in time 
domain of the mass displacement. In Figure 3.4 are shown the time histories of the 
bearing and column springs forces, whereas in Figure 3.5 are shown the time histories 
of the bearing and column spring displacements. Finally, in Figure 3.6 is shown the 
force-displacement curve of the system, revealing that the system responds in a 
nonlinear range
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Figure 3.3: Typical time history of the mass displacement.
Figure 3.4: Typical time histories of the bearing and column forces.
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Figure 3.5: Time histories of the bearing and column displacements.
-0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8
y
Figure 3.6: Force displacement curve.
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Similar observations to the time histories of the response under harmonic 
excitation can be done in this case. That is, the frequency of the vibration of the 
response changes with respect to the amplitude of this response. It is also seen that 
after the period of the excitation the system perform free vibration. In the presented 
case the maximum amplitude of the free vibration response is smaller than y0 and
therefore the frequency of the free vibrations is equal to <y,.
3.3 Response Spectra
At the following paragraphs the response spectra of the piecewise linear system 
are presented, with respect to the normalized gap length or the normalized initial 
natural frequency of the system. The purpose is to investigate thoroughly the response 
characteristics of such systems under this simple sinusoid pulse base excitation and 
identify the effect of parameter values on the response. The parameters that affect the 
response are the non-dimensional system frequency ηλ, the column to bearing 
stiffness ratio κ, the non-dimensional gap length δ and the damping coefficient ζ .
Parametric plots of the response spectra of the SDOF system are presented for 
constant damping coefficient ζ = 5% and stiffness ratio κ = Kc / Kb = 10, that is the 
bending stiffness of the columns is ten times greater than the bending stiffness of the 
elastomeric bearings, or equivalently the stiffness of spring Kc is ten times greater
than the stiffness of the spring Kh.
In Figure 3.7(a) are presented the response spectra of the mass displacement 
with respect to the non-dimensional frequency ηχ - coj ω-Τ /7J and for different 
values of the non-dimensional gap length δ, whereas in Figure 3.7(b) are presented
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the time instants at which the displacement of the mass reaches the absolute maximum 
value within the time period of consideration. Note that these time instants are 
normalized by the period of the sinusoid pulse so that one can observe the number of 
cycles needed for maximum response to occur.
It is shown that the displacement of the mass is decreasing with respect to ηλ for 
given δ, whereas it is increasing with respect to δ for given 77,. For the cases of non 
dimensional gap lengths δ -> <x> or δ -» 0, the system responds linearly. In the case 
of δ -» oo no impact occurs during the motion and the system corresponds, due to 
symmetry, to a linear SDOF system with natural frequency <y,. In the second case of
δ —>0 the system also corresponds, due to symmetry, to a linear SDOF system with 
mass M and with equivalent stiffness composed from the stiffness of three springs, 
the spring that consists of a Kc spring on one side of the system connected in parallel
with the group of the two springs (Kc and Kb) connected in series on the other side.
The natural frequency of the SDOF system is ω2 = wxyj{2 + κ) / 2 > ωχ. 11 is observed 
that the displacement response spectra of the mass for the intermediate values of δ 
are contained within the displacement response spectra for the two linear systems 
δ —> 0 and δ —» go .
As far as the time at which maximum response occurs, it is observed that it 
exhibits a decreasing behavior with respect to the normalized natural frequency ηί. 
Specifically, for values of the natural frequency much lower than one, the maximum 
response needs several times the period of the pulse excitation in order to occur. This
is due to the fact that for relatively small values of 77, = — the excitation tends to be
ω
impulsive since the period T of the excitation is relatively smaller than the initial
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natural frequency ωχ of the system. In this case the response of the system is like a 
free vibration response and the maximum response, which arises from the free 
vibration, occurs after several times the period T of the pulse excitation. Also note 
that discontinuities appear for certain values of the normalized gap length and the 
normalized natural frequency, which stem from the non-linearity of the system.
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Figure 3.7: (a) Mass displacement (b) Time of maximum mass displacement.
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In Figure 3.8(a) are presented the response spectra of the column displacements 
and in Figure 3.8(b) are shown the corresponding time instants at which the absolute 
maximum occurs. Furthermore in Figure 3.9(a) and in Figure 3.10(a) are presented 
separately the spectra of the displacement of the left and right columns, and in Figure 
3.9(b) and Figure 3.10(b) are shown the corresponding time instants of maximum 
response. In general the displacements of the columns exhibit a decreasing behavior 
with respect to the non-dimensional natural frequency η], whereas the effect of the
gap length to the columns response are more complicated. Specifically, for values of 
the natural frequency smaller than one, the displacement of the column increases as 
the gap length decreases, whereas for values of the natural frequency in the vicinity of 
one the response is complicated. Finally, as the value of η{ increases, the
displacement of the mass of the system decreases so that no contact occurs and the 
system responds linearly. This is evident by observing that all the response spectra 
curves for values of δ between 0 and oo and for higher values of 77, approach the
linear response spectra curve corresponding to δ -»«>. Finally it is observed that the 
response of the left and right columns is quite similar but not identical, despite the 
symmetry of the system. This is due to the fact that the input acceleration is not 
symmetric, and therefore affects differently the left and the right side of the system.
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(a)
(b)
Figure 3.8: (a) Column displacement (b) Time of maximum column displacement.
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Figure 3.9: (a) Left column displacement (b) Time of maximum left column
displacement.
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Figure 3.10: (a) Right column displacement (b) Time of maximum right column
displacement.
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The spectra of the bearing displacements are presented in Figure 3.11(a), 
whereas the displacements of the left and right bearing are presented separately in 
Figure 3.12(a) and in Figure 3.13(a) respectively. Also in Figure 3.11(b), Figure 
3.12(b) and Figure 3.13(b) are presented the corresponding time instants at which the 
maximum bearing displacement occurs. It is observed that the behavior of the bearing 
displacements is quite similar to the displacement of the mass. That is, the response 
decreases as the value of the parameter 77, increases. It is also observed that the
displacements of the bearings decrease as the gap becomes smaller, which is due to 
the fact that the gap length affects the restraining effect of the stopper mechanisms. 
Also, a small difference between the displacements of the left and right bearing is 
observed, which stems from the asymmetry of the input excitation. Also note that the 
time instants at which the maximum bearing displacement occurs is qualitatively 
similar to the time instant at which the system mass displacement occurs.
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(a)
(b)
Figure 3.11: (a) Bearing displacement (b) Time of maximum bearing displacement.
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Figure 3.12: (a) Left bearing displacement (b) Time of maximum left bearing
displacement.
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(a)
(b)
Figure 3.13: (a) Right bearing displacement (b) Time of maximum right bearing
displacement.
39
Institutional Repository - Library & Information Centre - University of Thessaly
08/12/2017 09:30:39 EET - 137.108.70.7
Chapter 3 Response to Sinusoid Pulse Excitation
Next, the spectra of the column forces are presented in Figure 3.14 (a), whereas 
the forces of the left and right column are presented separately in Figure 3.15(a) and 
in Figure 3.16(a) respectively. Also in Figure 3.14(b), Figure 3.15(b) and Figure 
3.16(b) are presented the corresponding time instants at which the maximum column 
force occurs.
It is observed that the linear system, corresponding to gap size δ -»0, has 
higher natural frequency ω2 (ω2 > ωχ) than the natural frequency <y,, corresponding 
to the gap size δ —> oo. As a result, for the linear system with δ -» 0, resonance
occurs for values of ηχ (ω) = — that correspond to ω«ω2, that is
ω
η^(ω)» η{(ω2) = — < 1. Using (2.10) and the fact that the result correspond to values
ω2
of χ- = 10, one has that η](ω2) = — = -J=- = 0.408. This clearly shows in the forces
ω2 V6
response spectra since the natural frequency for which the peak response occurs, shifts 
from 77, as 1 for δ —>■ oo case, to the value of approximately 77, = 0.408 for the <!> —» 0
case. In particular as the value of δ reduces from δ —> oo to δ —» 0, the system 
equivalent resonant frequency reduces since the reduction of the gap δ tends to 
increase the stiffness of the system. As a result, the peak in the response spectra 
moves from the value of 77, «1 to the left towards smaller than one values of 77,. It is
also worth noting that the intermediate values of the gap δ amplifies by two or three 
times the normalized forces in the linear columns in relation to the forces for the 
linear systems δ -> 0 and δ —> oo. In addition, the small difference between the left 
and right column is also observed for the force spectra, which stems from the 
asymmetry caused by the input excitation.
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Figure 3.14: (a) Column forces (b) Time of maximum column forces.
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Figure 3.15: (a) Left column forces (b) Time of maximum left column forces.
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(a)
(b)
Figure 3.16: (a) Right column forces (b) Time of maximum right column forces.
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Next, the spectra of the bearing forces are presented in Figure 3.17(a), whereas 
the forces of the left and right bearing are presented separately in Figure 3.18(a) and 
in Figure 3.19(a) respectively. Also in Figure 3.17(b), Figure 3.18(b) and Figure 
3.19(b) are presented the corresponding time instants at which the maximum bearing 
force occurs.
It is seen that the spectra of the forces of the bearings for the intermediate values 
of δ (0<δ <oo) are contained within the force response spectra for the two linear 
systems corresponding to values of δ —» 0 and δ —> °o. It is also observed that the 
forces at the bearings decrease as the gap becomes smaller, which is due to the fact 
that the gap length affects the restraining effect of the stopper mechanisms. In 
addition, the small difference between the left and right column is also observed for 
the force spectra, which stems from the asymmetry caused by the input excitation.
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Figure 3.17: (a) Bearing forces (b) Time of maximum bearing forces.
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(a)
(b)
Figure 3.18: (a) Left bearing forces (b) Time of maximum left bearing forces.
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(a)
(b)
Figure 3.19: (a) Right bearing forces (b) Time of maximum left bearing forces.
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In the following Figures, time histories of the response are presented in order to 
illustrate how the non-linearity of the system affects in many cases the response 
spectra. Specifically it is seen that in Figure 3.7(a) the response spectrum of the mass 
displacement for δ —> α> does not follow the general tendency for small values of the 
non dimensional frequency ηχ. In Figure 3.20 it can be seen that for small values of
7, the maximum normalized mass displacement y appears at different time instants. 
For example, the maximum mass displacement for ηχ =0.25 appears at r = 15.34, 
whereas for ηχ = 0.1 appears at τ = 5.32. This also explains the sudden “jump” of the 
time of maximum mass displacement, presented in Figure 3.7(b).
Figure 3.20: Time histories of the mass displacement for δ —>· oo.
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The same “jump” at the time of maximum mass displacement also appears for 
values of ηχ close to 0.8 and for δ = 0 and δ = 0.1. In Figure 3.21 are presented the
time histories of the mass displacement in the vicinity of this “jump” for δ = 0 . It can 
be clearly seen that the maximum response appears at different time instants. For 
example the maximum mass displacement for ηχ =0.8 appears at r = 4.31, whereas
for 77, = 0.85 appears at τ - 2.05. The same applies to the “jumps” at the time of 
maximum column and bearing displacement shown in Figure 3.8(b) and Figure 
3.11(b) respectively.
Figure 3.21: Time histories of the mass displacement for δ - 0
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Another characteristic point of the nonlinear behavior of the system appears at 
the column forces for £ = 0.1 and ηχ = 0.8~0.9, shown in Figure 3.14(a), where 
there is a sudden change at the response of the system. In Figure 3.22 are presented 
the time histories of the column forces for these specific values of the frequency ηχ
and normalized gap length δ. It can be clearly seen that for different values of ηχ the 
maximum forces appear at different side of the structure. That is for smaller 
frequencies the maximum force is at the left column, whereas for greater values of ηχ,
the maximum force is at the right column spring. Also note that the difference at the 
peak value of the left column forces is much smaller than the difference at the peak 
value of the right column forces. This fact explains the sudden change at the gradient 
of the response spectrum of the column forces, shown in Figure 3.14(a), for this 
specific values of ηχ and δ.
Figure 3.22: Time histories of the column forces for δ = 0.1.
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Finally, another characteristic of the nonlinear behavior of the system appears at 
the column forces for δ = 2 and η] = 0.7 ~ 0.8, as well as at the column forces for
δ = 3 and η] = 0.4 ~ 0.5, where there is also a sudden change of the gradient of the 
response spectra of the system. In Figure 3.23 are presented the time histories of the 
column forces for values of the frequency ηχ = 0.7 and η} = 0.8 and normalized gap
length δ = 2 . It can be seen that for ηχ = 0.7 there is one additional contact during the 
response and specifically during the first period at the left column, whereas the system 
for 77, = 0.8 responds linearly during this period. This leads to a sudden change at the
gradient of the response spectrum of the column forces for δ = 2 . Similarly the same 
effect appears for δ = 3.
Figure 3.23: Time histories of the column displacements for δ = 2
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Next parametric plots of the response of the elastic SDOF system are presented 
with respect to the normalized gap length δ for different values of the normalized 
frequency 77,. The values of the damping ratio ζ and the column to bearing stiffness 
ratio κ are selected as before to be ζ = 5% and κ = 10 .
In Figure 3.24(a) are presented the response spectra of the mass displacement 
with respect to the non-dimensional gap length δ and for different values of the non- 
dimensional frequency 77,, whereas in Figure 3.24(b) are presented the time instants at
which the displacement of the mass reaches the absolute maximum value within the 
time period of consideration. Note that these time instants are normalized by the 
period of the sinusoid pulse so that one can observe the number of cycles needed for 
maximum response to occur.
It is seen that the mass displacement exhibits increasing behavior as δ 
increases, until it reaches a high enough value beyond which there is no contact at the 
stopper mechanisms, and therefore the system responds linearly. Note that the straight 
line in Figure 3.24(a), given by
δ(\ + κ)
(3.1)
κ
divides the spectra in two areas. The left area is the one that at least one contact has 
occurred and therefore the system responds non-linearly. That is the non dimensional 
gap length is small enough so that there is at least one contact for each value of δ and 
77,. The right area is the one that the system responds linearly. This occurs when the 
value of the non dimensional gap length is not small enough for contact to occur and 
therefore there is no change in the response amplitude as the value of δ increases.
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(a)
(b)
Figure 3.24: (a) Mass displacement (b) Time of maximum mass displacement.
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In Figure 3.25(a) presented the response spectra of the column displacements 
and in Figure 3.25(b) are shown the corresponding time instants at which the absolute 
maximum occurs. Furthermore in Figure 3.26(a) and in Figure 3.27(a) are presented 
separately the spectra of the displacement of the left and right columns, and in Figure 
3.26(b) and Figure 3.27(b) are shown the corresponding time instants of maximum 
response normalized by the period of the pulse.
In general the displacements of the columns exhibit a decreasing behavior with 
respect to the both non-dimensional gap length δ and the non-dimensional frequency 
ηχ, but for certain values of the natural frequency the response of the columns exhibit 
a peak for values of the gap length close to one. In addition, as the gap length 
becomes larger, the response of the system is small enough so that no contact occurs, 
the system responds linearly and therefore the effect of the gap length at the 
displacements of the columns disappears and the response remains constant. Finally it 
is observed that the responses of the left and right columns are quite similar but not 
identical, despite the symmetry of the system. This is due to the aforementioned fact 
that the input acceleration causes the non-symmetry, and therefore affects differently 
the response of the left and the right side of the system.
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(a)
δ
(b)
Figure 3.25: (a) Column displacement (b) Time of maximum column displacement.
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(a)
δ
(b)
Figure 3.26: (a) Left column displacement (b) Time of maximum left column
displacement.
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δ
(a)
(b)
Figure 3.27: (a) Right column displacement (b) Time of maximum right column
displacement.
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Next, the response spectra of the bearing displacements are presented in Figure 
3.28(a), whereas the displacements of the left and right bearing are presented 
separately in Figure 3.29(a) and in Figure 3.30(a) respectively. Also in Figure 3.28(b), 
Figure 3.29(b) and Figure 3.30(b) are presented the corresponding time instants at 
which the maximum bearing displacement occurs normalized by the period of the 
pulse. It is observed that the behavior of the bearing displacements is quite similar to 
the displacement of the system mass. That is, the response increases as the gap size 
increases, which is due to the fact that the gap length affects the restraining effect of 
the stopper mechanisms. It is also observed that the displacements of the bearings 
decrease as the value of the parameter η] increases. Again, a small difference between 
the displacements of the left and right bearing is observed, which stems from the 
asymmetry caused by the input excitation.
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(a)
(b)
Figure 3.28: (a) Bearing displacement (b) Time of maximum bearing displacement.
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(a)
δ
(b)
Figure 3.29: (a) Left bearing displacement (b) Time of maximum left bearing
displacement.
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(a)
(b)
Figure 3.30: (a) Right bearing displacement (b) Time of maximum right bearing
displacement.
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Next, the spectra of the column forces are presented in Figure 3.31(a), whereas 
the forces of the left and right column are presented separately in Figure 3.32(a) and 
in Figure 3.33(a) respectively. Also, in Figure 3.31(b), Figure 3.32(b) and Figure 
3.33(b) are presented the corresponding time instants at which the maximum column 
force occurs normalized by the period of the excitation.
For the values of the gap length that are large enough so that no contact occurs 
during the time under consideration, the forces remain constant. For shorter values of 
the gap length for which contact occurs, it is shown that the forces increase 
significantly, due to the fact that when the gap is closed then the forces are taken 
directly from the columns. It is also observed that the maximum column force appears 
for different value of the gap length δ as the value of the normalized natural 
frequency changes. The small difference between the forces of the left and right 
column is observed, which stems from the asymmetry caused by the input excitation.
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(a)
(b)
Figure 3.31: (a) Column forces (b) Time of maximum column forces.
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Figure 3.32: (a) Left column forces (b) Time of maximum left column forces.
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(a)
δ
(b)
Figure 3.33: (a) Right column forces (b) Time of maximum right column forces.
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Finally, the spectra of the bearing forces are presented in Figure 3.34(a) with 
respect to the non-dimensional gap length δ and for different values of the non- 
dimensional frequency ηχ, whereas the forces of the left and right bearing are
presented separately in Figure 3.35(a) and in Figure 3.36(a) respectively. Also in 
Figure 3.34(b), Figure 3.35(b) and Figure 3.36(b) are presented the corresponding 
time instants at which the maximum bearing force occurs.
It is observed that the forces of the bearings exhibit an increasing behavior, with 
respect to the normalized gap length, until the gap reaches a value large enough so 
that no contact occurs, the system responds linearly and therefore the forces remain 
constant. In addition, the small difference between the left and right column is also 
observed for the force spectra, which stems from the asymmetry of the input 
excitation.
66
Institutional Repository - Library & Information Centre - University of Thessaly
08/12/2017 09:30:39 EET - 137.108.70.7
Chapter 3 Response to Sinusoid Pulse Excitation
o-------- '--------1-------- 1--------1-------- 1--------1--------1-------- 1-------1—
0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
δ
(b)
Figure 3.34: (a) Bearing forces (b) Time of maximum bearing forces.
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Figure 3.35: (a) Left bearing forces (b) Time of maximum left bearing forces.
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(a)
(b)
Figure 3.36: (a) Right bearing forces (b) Time of maximum right bearing forces.
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In Figure 3.37 time histories of the response are presented in order to illustrate 
how the non linearity of the system affects in some cases the response spectra with 
respect to the normalize gap length δ. Specifically it is seen that in Figure 3.24(a) 
there is a discontinuity at the gradient of the mass displacement. This is caused by the 
fact that during the first semi period of the system’s response, there is contact at the 
stopper when the gap length is smaller than the critical length where the discontinuity 
appears. Whereas when the gap length is larger, then there is not contact during the 
first semiperiod and this affect the overall response of the system. This can be clearly 
seen in Figure 3.37, presenting the time histories of the left column displacement for 
77, = 0.5 and δ = 2.8, 3.2.
t\T
Figure 3.37: Time histories of the left column displacement for ηχ = 0.5.
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3.4 Asymptotic Analysis
For relatively small values of 77, = — <C 1, the excitation tends to be impulsive
ω
since the period T of the excitation is much smaller than the initial natural period of 
the linear system. In this case the response is like a free vibration response to initial 
conditions (non zero velocity that could be determined from the “impulsive” force). 
So the maximum values of the responses (displacements and forces at columns and 
bearings) arise from the free vibration response. The responses and the maxima of 
these responses tend to be independent of the characteristics of the excitation.
For values of 77, in the neighborhood of 1, the frequency of the excitation is
close to the equivalent natural frequency of the system and the maximum responses 
depend on the characteristics of the excitation and this can be due to resonance 
effects.
For values of 77, 3> 1 that is ωχ ω or 7] -C T the excitation can be considered
very slowly varying with respect to the period of the system, and therefore the 
dynamic effects of the oscillator can be ignored. In this case, the response can be 
asymptotically given by the equation of motion (2.26), which by ignoring the dynamic 
effects, becomes
V\F{y) = -ρ\τ) => F(y) = ~p\r) (3.2)
V.
Using the form (2.27) of the non dimensional restoring force F(y), it can be readily 
obtained that for the system behaves linearly (F(y) = y) and the maximum
of the absolute value of the response comes from the first branch of (2.27) to be
7U=-T (3-3)
Ί,
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For |y0|< — the system behaves nonlinearly and the maximum of the absolute value 
V
of the displacement response ymax is obtained by the solution of either one of the
following set of equations arising from (3.2) and the second and the third branch of 
(2.27)
2 + k 1
7θ+~ Cfmax ~yo)-~T’ >’>70
2 J7,
2 + k 1
-7o +-V-(7max + 7o) = — ’ y < 7o2 ηχ
(3.4)
Solving for yilelds
κ
-Jo
2 1
2+k 2+κη
κ 2 1
T—-7o+—--------5
2+k 2+κη
(3.5)
It can be seen that, as all quantities in (3.5) are positive, the maximum response of the 
mass displacement is always given by the second branch of the equation (3.5).
In Figure 3.38 are presented the response spectra of the mass displacement for 
values of the normalized natural frequency 77, greater than one, varying from two up
to ten and for different values of the non-dimensional gap length δ. Additionally, the 
asymptotic curves for the corresponding values of the gap length are presented also 
with dashed lines of the same colors with the response spectra. Furthermore the 
curves that correspond to the limit state |y0| = 1 / are also plotted in the Figure. It is
clearly seen that the approximate asymptotic response spectra curves approach the 
exact response spectra curves as the value of 77, increases.
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Figure 3.38: Mass displacement along with asymptotic curves for the linear response
and for nonlinear response.
73
Institutional Repository - Library & Information Centre - University of Thessaly
08/12/2017 09:30:39 EET - 137.108.70.7
Chapter 4 Response to Recorded Earthquake Excitations
CHAPTER 4 Response to Recorded Earthquake Excitations
4.1 Athens 1999 and Imperial Valley 1979 Earthquakes
Next, in order to get insight into the dynamic behavior of piecewise linear 
systems under strong earthquake base motion, their response to recorded earthquake 
base accelerations is investigated. Typical time histories of the response, as well as the 
response spectra with respect to characteristic parameters of the system are presented.
First the earthquake that occurred in Athens in 1999 is considered as a base 
motion for the single degree of freedom system. The strong earthquake with 
magnitude Mw = 5.9 occurred on 7 September 1999, at 14:56 local time in the
vicinity of the capital of Greece, Athens. The earthquake caused the collapse of 65 
buildings, all but a few residential, killing 143 persons and injuring about 7,000. The 
death toll would have been considerably higher had the earthquake occurred later in 
the evening or at night (Dimitriu et.al. 2001).
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The time history of the ground acceleration which is used in this research, was 
recorded at Sepolia (Athens) metro station, is shown in Figure 4.1(a). Using the 
normalization presented in Chapter 2, this base motion takes the form shown in Figure 
4.2(a). Finally the Fourrier transform of the acceleration of the earthquake is given in 
Figure 4.3(a). The characteristic input frequency for this specific earthquake is chosen 
to be ω = 4.22(2π) rad/sec, while the value of the characteristic displacement is
chosen to be xN = a„ / ω2 = 0.0034, based on a = 2 = 2.38 m/sec2.
Also, the earthquake that occurred in Imperial Valley in 1979 is considered as a 
base motion for the single degree of freedom system. The strong earthquake with 
magnitude MW=6A occurred on 15 October 1979, at 4:54 local time. The
earthquake caused the injury of about 90 persons (Archuleta 1982, Hartzell and 
Heaton 1983, Niazi 1982 and 1986, Olson and Apsel 1982, Smith et.al. 1982). The 
time history of the ground acceleration, the normalized acceleration, as well as fast 
Fourrier transform of the earthquake are shown in Figure 4.1(b), Figure 4.2(b) and 
Figure 4.3(b), respectively. The characteristic input frequency for this specific 
earthquake is chosen to be ω- 0.9 l(2zr) rad/sec, while the value of the characteristic
displacement is chosen to be xN = a,, / ω2 = 0.043, based on ag = zrrax = 1.41 m/sec2.
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(a)
(b)
Figure 4.1: Earthquake acceleration time history for (a) Athens (b) Imperial Valley.
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Figure 4.2: Normalized acceleration time history for (a) Athens (b) Imperial Valley.
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Frequency content of earthquake
(a)
(b)
Figure 4.3: Fast Fourier transform for (a) Athens (b) Imperial Valley.
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4.2 Typical Response Time Histories
In the following Figures, typical time histories of the elastic system response 
under the Athens and Imperial Valley earthquake are presented. The response time 
histories of the system subjected to Athens earthquake correspond to 77, = 1 and
£ = 0.1 (y0 =0.1 I). The response time histories of the system subjected to Imperial 
Valley earthquake corresponds to 77, =0.8 and δ = 0.075 (y0 = 0.0825). Specifically 
in Figure 4.4(a) and (b) are shown the typical responses in time domain of the mass 
displacement for the Athens and Imperial Valley earthquakes respectively. In Figure 
4.5(a) and (b) are presented the time histories of the bearing and column springs 
forces, whereas in Figure 4.6(a) and (b) are shown the time histories of the bearing 
and column springs displacements. Moreover in Figure 4.7(a) and (b) is presented the 
force-displacement curves, where one can observe the nonlinearity of the system, as 
the gradient of the curve changes at the time instants when contact occurs on the left 
or right stopper.
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(a)
(b)
Figure 4.4: Typical time histories of the mass displacement, (a) Athens and (b)
Imperial Valley.
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In the time history of the mass displacement shown in Figure 4.4 one can 
observe that the system’s response under the Athens or Imperial Valley earthquakes 
appears to have similar behavior as the time history of the response under harmonic 
excitation. That is when the absolute response is smaller than y0, which for this
specific case is equal to >>0=0.11 (£ = 0.1) for the Athens earthquake and 
y0 = 0.0825 (£ = 0.075) for the Imperial Valley earthquake, no contact occurs at the 
stopper mechanisms and therefore the system responds linearly, vibrating with 
frequency close to ω{. On the other hand, when the absolute response is greater than
_y0, contact occurs at the left or right stopper mechanism and therefore the system 
vibrates with frequency close to co2 which is higher than <y,. This case of non-linear
behavior occurs between eight and fifteen seconds for the Athens earthquake and 
between fourteen and forty seconds for the Imperial Valley earthquake, where the 
amplitude of the response reaches the maximum.
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(a)
(b)
Figure 4.5 : Typical time histories of the bearing and column spring displacements, (a)
Athens and (b) Imperial Valley.
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In Figure 4.5 it is clearly seen that the displacement of the left or right bearing 
remains constant and equal to the gap length (S = 0.1 for the Athens earthquake and 
δ = 0.075 for the Imperial Valley earthquake) when contact occurs at the 
corresponding side of the system. The same applies for the forces shown in Figure 4.6 
where it is also seen that when contact occurs the forces at the left or right column 
spring increase dramatically due to the fact that forces are directly applied to the 
columns through the stopper mechanism when the gap is closed. Finally the bilinear 
nature of the system’s stiffness can be clearly seen in the force - displacement curve 
shown in Figure 4.7.
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(a)
(b)
Figure 4.6: Typical time histories of the bearing and column spring forces, (a) Athens
and (b) Imperial Valley.
84
Institutional Repository - Library & Information Centre - University of Thessaly
08/12/2017 09:30:39 EET - 137.108.70.7
Chapter 4 Response to Recorded Earthquake Excitations
y
(a)
(b)
Figure 4.7: Force displacement curve, (a) Athens and (b) Imperial Valley.
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4.3 Response Spectra
Parametric plots of the response spectra of the SDOF system are presented for 
constant damping coefficient ζ = 5% and stiffness ratio κ - —- = 10, that is the
Kb
stiffness of the columns is ten times greater than the stiffness of the elastomeric 
bearings. The response spectra for both earthquake excitations are presented together 
in order to illustrate the similarities and differences of the system’s behavior under 
these specific strong ground motions.
Specifically, in Figure 4.8 (a) and (b) are given the response spectra of the mass 
displacement, with respect to the non-dimensional frequency ηλ and for different 
values of the non-dimensional gap length δ, for the Athens earthquake and the 
Imperial Valley earthquake respectively. It is seen that the general trends observed for 
the system’s response under pulse excitation in Chapter 3, appear also for the 
response under strong earthquake excitation. That is, the natural frequency for which 
the peak response occurs shifts from ηχ «1 to lower values. In particular as the value 
of δ reduces from δ —> °o to δ —> 0, the system equivalent resonant frequency 
reduces since the reduction of the gap δ tends to increase the equivalent stiffness of 
the system and, as a result, the peak in the response spectra due to resonance effects, 
moves to the left towards smaller values of ηλ. It is also seen that more than one local 
peaks appear at the response spectra, due to the fact that the frequency content of the 
earthquakes is more wideband, in contrast to the pulse excitation for which only one 
frequency contributes to the response.
A difference between the response spectra of the two strong motions is the fact 
that the absolute maximum response, for each value of the gap length, appears to have 
different behavior. Specifically, the absolute maximum response for the Imperial
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Valley earthquake (Figure 4.8(b)) takes its maximum value for <5 = 0 and then 
exhibits a decreasing behavior until it reaches its minimum value for <5 —> oo. On the 
other hand, as far as the maximum response under the Athens earthquake is concerned 
(Figure 4.8(a)), the maximum value also occurs for δ = 0, then exhibits a decreasing 
behavior until it reaches its minimum value for <5 = 0.15 and finally increases again 
until the maximum value for δ —> co.
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(a)
(b)
Figure 4.8: Mass displacement, (a) Athens and (b) Imperial Valley.
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Next, in Figure 4.9(a) and (b) are presented the response spectra of the column 
displacements for both the earthquake excitations. Furthermore in Figure 4.10(a) and 
(b) are presented the response spectra of the displacement of the left column, while in 
Figure 4.11(a) and (b) are presented the response spectra of the displacement of the 
right column for both the earthquakes. It is seen that the displacements of the columns 
are always greater when at least one contact has occurred. This can be observed by the 
fact that the curve for δ -> oo that corresponds to the no contact case is in any case 
lower than the curves for smaller values of the gap length δ. It is also seen that the 
displacement of the columns can be amplified up to forty-five times for specific 
values of the gap length. Also, the same phenomenon of the shifting of the natural 
frequency for which resonance occurs for the mass displacement is observed for the 
column displacements. Finally it is observed that the response of the left and right 
columns is quite similar but not identical, despite the symmetry of the system. This is 
due to the fact that the input acceleration is not symmetric, and therefore affects 
differently the response of the left and the right side of the system.
Finally, comparing the non-dimensional responses between the two different 
earthquake events, it is worth noting that there is a striking similarity in the 
normalized dominant response spectra characteristics for the different values of the 
normalized gap length considered. This is due to the fact that the non-dimensional 
parameter ηχ is normalized by the dominant frequency of each earthquake excitation
so that the system resonates at approximate value η·^ηχ-\ for the case J->oo, 
η ~η2 for the case δ = 0 and at intermediate values of η2<η<ηλ for all other cases 
of 0 < δ < oo. This observed similarity for the normalized response of the system in 
terms of the non-dimensional parameters can advantageously be used for investigating 
the normalized response characteristics of the system, for other earthquake
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excitations. Also, this similarity can have implications in the design of such systems 
to earthquake excitations.
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(a)
(b)
Figure 4.9: Column displacement, (a) Athens and (b) Imperial Valley.
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(a)
(b)
Figure 4.10: Left column displacement, (a) Athens and (b) Imperial Valley.
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1i
(a)
(b)
Figure 4.11: Right column displacement, (a) Athens and (b) Imperial Valley.
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Next, in Figure 4.12(a) and (b) are presented the response spectra of the bearing 
displacements for both the earthquake excitations. Also, in Figure 4.13(a) and (b) are 
presented the response spectra of the displacement of the left bearing, and in Figure 
4.14(a) and (b) are presented the response spectra of the displacement of the right 
bearing for both the earthquakes. It is observed at these Figures that the behavior of 
the bearing displacements is quite similar to the displacement of the mass. As a result, 
the natural frequency for which the maximum bearing displacement occurs, shifts 
from 77, «1 to lower values. In particular as the value of δ reduces from δ —> oo to 
δ -> 0, the system frequency reduces since the reduction of the gap δ tends to 
increase the stiffness of the system and therefore the peak in the displacement of the 
bearings moves towards smaller values of the normalized natural frequency η{. In
addition, a small difference between the displacements of the left and right bearing is 
observed, which also stems from the asymmetry caused by the input excitation.
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(a)
(b)
Figure 4.12: Bearing displacement, (a) Athens and (b) Imperial Valley.
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(a)
'll
(b)
Figure 4.13: Left bearing displacement, (a) Athens and (b) Imperial Valley.
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(a)
(b)
Figure 4.14: Right bearing displacement, (a) Athens and (b) Imperial Valley.
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Next, in Figure 4.15(a) and (b) are presented the response spectra of the column 
forces for both the earthquake excitations. Also, in Figure 4.16(a) and (b) are 
presented the response spectra of the forces of the left column, and in Figure 4.17(a) 
and (b) are presented the response spectra of the force of the right column for both the 
earthquakes.
It is seen that the forces of the columns are always greater when at least one 
contact has occurred. This can be observed by the fact that the curve for δ —» oo is in 
any case lower than the curves for smaller values of the gap length. It is also seen that 
the forces of the columns can be amplified up to ten times for specific values of the 
gap length. It is also seen that for large gaps (<5 = 0.15 and δ = 0.2 for the Athens 
earthquake, and δ = 0.075 and <5 = 0.1 for the Imperial Valley earthquake), the 
nonlinear behavior of the system is confined for values of the normalized natural 
frequency ηχ in the interval ηχ e [0.5, 2] approximately, whereas for values of ηχ 
greater than approximately 2 the system responds linearly, as no contact occurs. On 
the other hand, for gap length close to zero, the system responds non-linearly for 
almost all the values of the normalized natural frequency considered, as at least one 
contact has occurs within the duration of consideration.
Also, a general increasing behavior is observed at the response spectra of the 
column forces. This due to the fact that the forces depend on the square of the 
normalized natural frequency ηχ, as shown in equations (2.33) and (2.34). In addition, 
the small difference between the left and right column is also observed for the force 
spectra, which stems from the asymmetry caused by the input excitation.
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(a)
(b)
Figure 4.15: Column forces, (a) Athens and (b) Imperial Valley.
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(a)
Hi
(b)
Figure 4.16: Left column forces, (a) Athens and (b) Imperial Valley.
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(a)
(b)
Figure 4.17: Right column forces, (a) Athens and (b) Imperial Valley.
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Next, in Figure 4.18(a) and (b) are presented the response spectra of the bearing 
forces for both the earthquake excitations. Also, in Figure 4.19(a) and (b) are 
presented the response spectra of the forces of the left bearing, and in Figure 4.20(a) 
and (b) are presented the response spectra of the force of the right bearing for both the 
earthquakes.
A general increasing behavior is observed at the response spectra for the bearing 
forces. This due to the fact that the forces at the bearing also depend on the square of 
the normalized natural frequency ηχ, as shown in equations (2.35) and (2.36). Finally, 
the small difference between the left and right column is also observed for the force 
spectra, which stems from the asymmetry of the input excitation.
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0.5
(a)
(b)
Figure 4.18: Bearing forces, (a) Athens and (b) Imperial Valley.
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(a)
(b)
Figure 4.19: Left bearing forces, (a) Athens and (b) Imperial Valley.
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(a)
(b)
Figure 4.20: Right bearing forces, (a) Athens and (b) Imperial Valley.
105
Institutional Repository - Library & Information Centre - University of Thessaly
08/12/2017 09:30:39 EET - 137.108.70.7
Chapter 4 Response to Recorded Earthquake Excitations
In the following Figures, the response spectra are presented with respect to the 
non-dimensional gap length δ and for different values of the non-dimensional natural 
frequency 77,. The values of the parameters ζ and κ used in this analysis are the 
same as in the previous analysis, that is ζ = 0.05 and κ = 10 .
First, the response spectra of the mass displacement are presented in Figure 
4.21(a) and (b), for the Athens and the Imperial Valley earthquake, respectively. Note 
that the straight black line in Figure 4.21(a) and (b), given by the equation in (3.1), 
divides the spectra in two areas. The left area is the one that at least one contact has 
occurred and therefore the system responds non-linearly. That is the non dimensional 
gap length is small enough so that there is at least one contact for each value of δ and 
ηχ. When the value of the non dimensional gap length is not small enough for contact
to occur, the system responds linearly and therefore there is no change in the response 
amplitude as the value of δ increases.
It is seen that the response spectra of the mass displacement depend on the value 
of the normalized gap length δ. This dependence is affected by the value of the 
normalized natural frequency ηχ. That is for some values of the normalized natural
frequency ηχ the behavior is increasing, whereas for other values a peak response
appears for intermediate values of the gap length, until it reaches a high enough value 
beyond which there is no contact at the stopper mechanisms, and therefore the system 
responds linearly.
It is also evident that for some values of ηχ (e.g. ηχ = 0.3 and ηχ = 0.5) the 
maximum response in the case of contact is significantly higher than the response of 
the linear system where no contact occurs. This amplification is due to contact, and 
depends on the value of the normalized gap length δ. This amplification is also
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affected by the type of earthquake record. For example, for the case of the Athens 
earthquake and for 77, =0.5 the maximum amplification of the response occurs for 
δ = 0.03 and the corresponding maximum response is approximately three times the 
maximum response for the case of no contact (δ —> oo).
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δ
(a)
δ
(b)
Figure 4.21: Mass displacement, (a) Athens and (b) Imperial Valley.
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Next, in Figure 4.22(a) and (b) are presented the response spectra of the column 
displacements for both the earthquake excitations, with respect to the gap length and 
for different values of the normalized natural frequency. In addition, in Figure 4.23 (a) 
and (b) are presented the response spectra of the displacement of the left column, and 
in Figure 4.24(a) and (b) are presented the response spectra of the displacement of the 
right column for both the earthquakes.
In general the displacements of the columns exhibit a complex behavior with 
respect to the non-dimensional gap length δ. It is observed that the maximum 
response appears for different values of the gap length for both the earthquake 
excitations. Also it is seen that the displacements of the columns are always greater 
when at least one contact occurs and therefore the system responds non-linearly, 
causing the displacements to amplify up to forty times for the Athens earthquake and 
twenty-five times for the Imperial Valley earthquake. Finally it is observed that the 
displacements of the left and right columns are quite similar but not identical, despite 
the symmetry of the system. This is due to the aforementioned fact that the input 
earthquake acceleration is not symmetric, and therefore affects differently the 
response of the left and the right side of the system.
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δ
(a)
(b)
Figure 4.22: Column displacement, (a) Athens and (b) Imperial Valley.
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(a)
(b)
Figure 4.23: Left column displacement, (a) Athens and (b) Imperial Valley.
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(a)
(b)
Figure 4.24: Right column displacement, (a) Athens and (b) Imperial Valley.
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Next, in Figure 4.25(a) and (b) are presented the response spectra of the bearing 
displacements for both the earthquake excitations, with respect to the normalized gap 
length δ and for different values of the non-dimensional natural frequency 77,. Also,
in Figure 4.26(a) and (b) are presented the response spectra of the displacement of the 
left bearing, and in Figure 4.27(a) and (b) are presented the response spectra of the 
displacement of the right bearing for both the earthquakes.
It is observed at these Figures that the behavior of the bearing displacements is 
quite similar to the displacement of the mass. That is, the bearing displacement 
exhibits complex behavior as δ increases. For some values of the normalized natural 
frequency the behavior is increasing, whereas for other values a peak response 
appears for intermediate values of the gap length, until it reaches a high enough value 
beyond which there is no contact at the stopper mechanisms, the system responds 
linearly and therefore the response remains constant. Again, a small difference 
between the displacements of the left and right bearing is observed, which stems from 
the asymmetry of the input excitation.
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δ
(a)
(b)
Figure 4.25: Bearing displacement, (a) Athens and (b) Imperial Valley.
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(a)
(b)
Figure 4.26: Left bearing displacement, (a) Athens and (b) Imperial Valley.
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(a)
(b)
Figure 4.27: Right bearing displacement, (a) Athens and (b) Imperial Valley.
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Next, in Figure 4.28(a) and (b) are presented the response spectra of the column 
forces for both the earthquake excitations. Also, in Figure 4.29(a) and (b) are 
presented the response spectra of the forces of the left column, and in Figure 4.30(a) 
and (b) are presented the response spectra of the force of the right column for both the 
earthquakes.
For the values of the gap length that are large enough so that no contact occurs 
during the time under consideration, the forces remain constant. For smaller values of 
the gap length for which contact occurs the forces at the columns increase 
significantly, due to the fact that when the gap is closed then the forces are taken 
directly from the columns. It is also observed that, for the response under both the 
earthquake excitations, the maximum column force appears for different value of the 
gap length δ as the value of the normalized natural frequency ηι changes. 
Additionally it is seen that the column forces increase as the natural frequency 
becomes higher due to the fact that the forces are strongly dependant to the square of 
the normalized natural frequency.
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(a)
(b)
Figure 4.28: Column forces, (a) Athens and (b) Imperial Valley.
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Figure 4.29: Left column forces, (a) Athens and (b) Imperial Valley.
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Figure 4.30: Right column forces, (a) Athens and (b) Imperial Valley.
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Finally, in Figure 4.31(a) and (b) are presented the response spectra of the 
bearing forces for both the earthquake excitations. In addition, in Figure 4.32(a) and 
(b) are presented the response spectra of the forces of the left bearing, and in Figure 
4.33(a) and (b) are presented the response spectra of the force of the right bearing for 
both the earthquakes.
It is observed that the forces of the bearings exhibit a complex behavior, with 
respect to the normalized gap length, until the gap reaches a value large enough so 
that no contact occurs, the system responds linearly and therefore the forces remain 
constant. It is also seen that the behavior of the bearing forces is increasing with 
respect to the normalized natural frequency ηχ. This due to the fact that the forces at
the bearing also depend on the square of the normalized natural frequency ηχ, as
shown in equations (2.35) and (2.36). Finally, the small difference between the left 
and right column is also observed for the force spectra, which stems from the 
asymmetry caused by the input excitation.
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δ
(a)
(b)
Figure 4.31: Bearing forces, (a) Athens and (b) Imperial Valley.
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Figure 4.32: Left bearing forces, (a) Athens and (b) Imperial Valley.
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Figure 4.33: Right bearing forces, (a) Athens and (b) Imperial Valley.
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5.1 Concluding Remarks
The response of single degree of freedom (SDOF) piecewise linear systems, 
which arise in many mechanical and civil engineering applications, under transient 
excitation was investigated in the present work. One such application is bridge 
structures that the deck is connected to the piers through elastomeric bearings, and 
stopper mechanisms are added on the top of the columns, so that the superstructure is 
free to move under ambient or traffic loads, whereas it contacts the stoppers under 
moderate or strong earthquake loadings. It is shown that such structures can be 
represented by SDOF models that have piecewise linear stiffness.
The equations of motion of SDOF with piecewise linear stiffness were first 
developed, and the analytical expressions that relate the response quantities of interest 
in terms of system parameters were presented. In addition, a non-dimensional analysis 
was presented in an attempt to reduce the number of the independent parameters that 
control the response of the system. Furthermore, the non-dimensional analysis reveals
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the similarities of the response spectra characteristics to various long and short 
duration earthquake excitations.
The response under short duration sinusoid pulses was then considered. Such 
sinusoid pulses can be used to represent near-fault ground motions. Response spectra 
of the various characteristic of the response, with respect to specific normalized 
variables of the system, such as the natural frequency of the system or the length of 
the gap, were presented in order to analyze the behavior of the piecewise linear 
system under this specific type of base excitation. It is shown that the response 
characteristics of SDOF piecewise linear systems is strongly affected by the values of 
the non-dimensional system parameters, such as the normalized gap length and the 
normalized natural frequency. Specifically it was observed that the response spectra 
of the displacements are contained between the response spectra curves of the extreme 
values of the normalized gap length, that is for gap length equal to zero and gap length 
tend to infinity. As far as the forces at the columns are concerned, it was shown that 
they are strongly amplified when the gap length is small enough so that contact occurs 
at the stopper mechanisms. Furthermore, it is shown that the value normalized natural 
frequency for which resonance occurs is affected by the value of the normalized gap 
length. That is, as the gap length decreases, the system equivalent stiffness increases 
and therefore resonance occurs for smaller values of the normalized natural 
frequency. In addition, specific characteristics of the response spectra were 
investigated, using time histories for the specific values of the system’s parameters, in 
order to explain this behavior.
Next, asymptotic analysis of the system’s response far from resonance, that is 
for values of the normalized natural frequency of the piecewise linear system η{ > 1, 
was conducted. It is shown that the dynamic terms of the equation of motion of the
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system can be neglected due to the fact that the excitation varies very slowly 
compared to the response of the system. Under this assumption the equations of the 
asymptotic curves were derived and response spectra curves, along with the 
corresponding asymptotic curves were presented, in order to illustrate that the 
response spectra far from resonance can be represented by such asymptotic curves.
Next the behavior of the piecewise linear system under recorder earthquake 
strong motions was examined. The earthquakes of Athens 1999 and Imperial Valley 
1979 were used in order to evaluate the response of the piecewise linear system. 
Similarly to the pulse excitation, the response spectra of the system’s displacements 
and forces were presented in order to investigate the behavior of such systems under 
recorded earthquake excitations. It is seen that the response characteristics are quite 
similar to the response under pulse base excitation, only relatively more complex, due 
to the fact that the frequency content of the earthquakes is more wideband than the 
frequency content of the sinusoid pulse, for which only one frequency contributes to 
the response of the system. It is also obvious that the response characteristics of 
SDOF piecewise linear systems under strong earthquake base motions, is strongly 
affected by the values of the non-dimensional system parameters, such as the 
normalized gap length and the normalized natural frequency.
Specifically, it was also shown that the value of the normalized natural 
frequency for which resonance occurs is affected by the value of the normalized gap 
length. That is, as the gap length decreases, the system equivalent stiffness increases 
and therefore resonance occurs for smaller values of the normalized natural 
frequency. This change in the value of the normalized natural frequency for which 
resonance occurs is observed in the response spectra of the displacements of the parts 
of the system, as well as in the response spectra of the forces developed in the springs.
127
Institutional Repository - Library & Information Centre - University of Thessaly
08/12/2017 09:30:39 EET - 137.108.70.7
Chapter 5 Conclusions - Future Work
Finally, comparing the non-dimensional responses between the two different 
earthquake events, striking similarities in the normalized dominant response spectra 
characteristics for the different values of the normalized gap length considered are 
observed and analyzed. These similarities for the normalized response of the system 
in terms of the non-dimensional parameters can advantageously be used for 
investigating the normalized response characteristics of the system, for other 
earthquake excitations. Also, this similarity can have implications in the design of 
such systems to earthquake excitations.
Concluding, it must be emphasized that the response of piecewise linear systems 
under short or long duration earthquake excitations, can be quite complex, as it is 
strongly affected by the values of all the parameters of the system. In terms of 
designing systems as those described in the present thesis, it should be pointed out 
that the gap length can be optimally selected, after defining the desired behavior of 
each specific structure.
5.2 Future Work
In the future, the present framework can be extended towards the following 
directions: First the modeling of the structure can be more sophisticated, as far the 
structural parts or the pounding effects are concerned. Furthermore, the response of 
the system under different types of excitations should be investigated.
As far as the modeling of the system is concerned, the first step is to adequately 
model the behavior of the columns. One can add plasticity models in order to take into 
account the yielding that is expected to occur at the column springs under strong 
earthquake excitations (Tsopelas, 1994). Also one can take under consideration the 
mass of the piers, which were neglected in the present thesis, by assigning masses at
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the two mass - free nodes. These two assumptions would lead to one or three-degrees- 
of-freedom inelastic system with piecewise linear stiffness term, similar to the term of 
the elastic system but with more than three branches in the force displacement curve 
and additionally hysteretic behavior. Similar assumption can be made for the bearings 
of the system. Specifically, the behavior of the elastomeric bearings can be assumed 
to be inelastic, assumption that adds more realism to the modeling of the system.
Furthermore the modeling of the pounding effects can be more accurate, using 
more sophisticated models of the impact, which can take account of the energy 
dissipation during the contact between structural parts, such as the discontinuous 
Filippov type systems (Filippov A. F. 1964, 1988). Finally more detailed multi- 
degree-of-freedom models of bridge structures can be created, including the 
modeling of the impact effect, in order to investigate the effect of higher modal 
frequencies and modeshapes, at the response of the system.
On the other hand the present framework can be extended towards the 
investigation of the system’s behavior under different types of base excitations. At 
first one can investigate the response of the piecewise linear system under a large set 
of different recorded strong motions and therefore extract the behavior of the mean or 
probabilistic response spectra of the response with respect to different variables of the 
system. In particular, more realistic short pulse earthquake models developed by 
Mavroeidis and Papageorgiou (Mavroeidis and Papageorgiou 2003, Mavroeidis et al. 
2004) can be used. As a subsequent step one can investigate the response and 
reliability of such piecewise linear systems under stochastic excitation models. A 
more efficient and global method for the investigation of the system’s behavior is the 
use of stochastic models of the input acceleration, such as the model proposed by 
Atkinson and Silva (Atkinson and Silva, 2000). Using subset simulation method (Au
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and Beck, 2001) or other methods, and a model of the stochastic earthquake 
excitation, one can calculate the system’s behavior in terms of probabilities of failure 
and construct probabilistic response spectra curves. In addition one or more 
parameters of the system can be considered to be uncertain, an assumption quite 
realistic, as scarcely the parameters are deterministically known.
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Kc
Figure A.l.
As long as the gap is open, that is the elongation of the bearing elements is 
smaller than the gap length (xh <d), the bearing and column springs on each side of 
the system are connected in series and therefore they can be replaced with equivalent 
spring of stiffness K , with
K =
K+K„
(1.1)
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The resulting equivalent system is shown in Figure A.2.
X
Keq Keq
M
Figure A.2.
Now the equivalent springs are connected in parallel and thus the local stiffness of the 
system when the gap is open can be calculated by
Let jc0 be the mass displacement at the moment of contact. That is the 
displacement of the bearing spring is equal to d (xh = d). Then the spring on the side 
of contact can be substituted by the column spring, whereas on the other side can be 
substituted by the equivalent spring K . This equivalent system is shown in Figure
A.3 and the local stiffness can be calculated by
(1.2)
(1.3)
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Figure A.3
The mass displacement at each time instant is equal to the sum of the column 
and bearing displacement. So the mass displacement at which contact occurs is given 
by
*0 =xc+xh=xc+d (1.4)
Note that, since the column and bearing spring are connected in series, the 
corresponding forces are equal
Fb=Fc (1.5)
thus
K.x. = Kxbn c c
and the column spring displacement is
At the instant when contact occurs, xb=d and therefore
(1.6)
(1.7)
(1.8)
*
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Substituting the last equation in (1.4), the mass displacement at the moment of contact 
yields
x, -—d + d = d 
K
1^ h
(KC J Λ *- J
(1.9)
£
where κ =—- is the column to bearing stiffness ratio.
K.
While contact has occurred and therefore one gap is closed then the column 
spring displacement on each side of the system is different. When the right gap is 
closed then the displacement of the right column spring is equal to the displacement 
of the mass minus the displacement of the right bearing which is equal to the gap 
length, that is
x?gh‘=x-d (1.10)
Using (1.9) yields
xT — x —
K
1 + ΛΓ
(1.11)
whereas for the left column displacement equations (1.7) - (1.8) still apply. When the 
left gap is closed then the exact opposite is true. Concluding the displacement of the 
column springs is given by the equations
left
X. =i
1 + K
x + -
K
1 + κ
X > —xn
Xq X< -Xq
whereas the right column spring elongation is given equivalently by
rtflhl _ 
Xc
\ + K
K
x —
1 + κ
*<x0 
x> x0
(1.12)
(1.13)
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Similarly, the left bearing spring elongation is given by
>Φ _
xb ~
x>-x0 =
1
1
ΛΙ*
l d x < —x0 d x<-x0
1 + k 
d
-X X > -xn
X < -Xn
whereas the right bearing spring elongation is given equivalently by
vr'ghi _«*7. —
X < x0 = Kxf" x<x0_
d x>x0 d x>x0
Also note that
κ
1 + k
-X X<X„
X > X,Ό
K,=2-K<K>
K. + K„
K
' κ +1
and
Φ.+Κ,)
Combining (1.16) and (2.6)
+ K=K
> ( 1 ^
+ 1 = KC 1 +1
> U+* )
= K,
2 + k
c \ + K
K2 = *.
2 + k 
2
(1.14)
(1.15)
(1.16)
(1.17)
(1.18)
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